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On the Ergodic Properties of Glauber Dynamics
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We show that if there is an infinite volume Gibbs measure which satisfies a
logarithmic Sobolev inequality with local coefficients of moderate growth, then
the corresponding stochastic dynamics decays to equilibrium exponentially fast
in the uniform norm.

KEY WORDS: Glauber dynamics; logarithmic Sobolev inequality; ergodic
properties.

INTRODUCTION

Throughout this article, we will be studying models of finite-range, shift-
invariant lattice gases. To be more precise, the setting will be the following.

The Lattice. The lattice underlying our models will be the
d-dimensional square lattice Z9 for some fixed deZ*; and, for k=
(k',..., k") € Z4, we will use the norm |k| =max, ;<. |k’|. Given 4 < Z¢, we
will use 4C=27ZN\4 to denote the complement of 4, |4] to denote the
cardinality of 4, and k + A to denote the translate {k+j:je A} of 4 by
ke Z“ Finally, we will occasionally use the notation 4 c= Z¢ to mean that
|4]| < o0, and § will stand for the set of all nonempty 4 cc Z“.

The Spin and Configuration Spaces. The spin space M for our
model will be a finite set (with the discrete topology), and our configura-
tion space will be the product space M= M 2’ (endowed with the product
topology). Given a nonempty X< Z¢ we will use xeMi—>x,e M¥ to
denote the natural projection taking M onto M~*, B,(M) and C,(M) to
denote the sets of functions on M of the form xe M- ¢(xy) € R as ¢ runs

! MIT, Cambridge, Massachusetts 02139. E-mail: dws@math.mit.edu.
2 Imperial College, London SW7 2BZ, U.K. E-mail: b.zegarlinski@ic.ac.uk.
1007

0022-4715/95/1200-1007807.50/0 © 1995 Plenum Publishing Corporation



1008 Stroock and Zegarlinski

over, respectively, the set B(M¥) of bounded, Borel-measurable and the set
C(M*) of continuous functions on M~; and %, will denote the o-algebra
over M generated by the elements of B,(M). When X = {k}, we will use
X, in place of x,,,; and when X=2Z¢ it is clear that %y is precisely the
Borel field 4, over M, and we will simply write & instead of .. Also,
we will say that a function /: M — R is local and will write fe Co(M) if it
is an element of Cy{M) for some Xe §; and, for any bounded /: M — R,
I/, will be used to denote the uniform norm (ie., “sup”) norm of f.
Finally, for each ke Z“ we define the shift transformation 6*: M - M so
that (6*x),=x,, for every xe M and every je Z

For various constructions, it will be convenient to introduce some
additional notation. In the first place, given & # X < Z“, we define

(XX, yXC)GMXXMXCHXXOyXCEM

so that x* ey¥€ is the element ze M determined by

X

Zy=X and  z,c=y*°

and, for M- R and y*“e M*®, we define f(-|y*c) on M¥ and
Sx(-1y*€) on M by

XXEMXHf(X'Yl yXC)Ef(XXOyXC)
and
XeM fu(x | y¥€) = f(xy 0 y*©)

Second, for ye M, we write f,(x |y) insteady of fy(x |y c); and, when
X ={k} we will use f,(-]y) in place of f1y; (-1 y). Since both

(XX, yXC) EMXXMXCHXX .yXC eM
(x,y)eM?’>xyoy,ceM

are continuous maps, all the preceding constructions preserve both con-
tinuity and measurability.

Measures and Partial Differences. For nonempty X< Z¢ we
use M, (M?*) to denote the space of Borel probability measures i on
(M*,87},), and give M,(M*) the topology of weak convergence, namely
{1,} 7 =M (M?¥) converges to u, written u, = 4, means that

f gody,,—»f @ du forevery @e C(M¥)
MY MY



On the Ergodic Properties of Glauber Dynamics 1009

Next, given @ € BIM*) and peIN,(MY), we will often write (¢, u) to
denote [,x¢ du; and, when F#XcZ% peM(M¥) and ¢eB(M)
[p e C(M)], we define the &, .-measurable (continuous) mapping

XM (9D, x)= [ fl&¥ ] x) u(dgY)

Throughout, we will reserve A to denote the normalized counting measure
on M. Further, will we write (¢ y in place of (@) y v+ and (@), when
X={k}. Finally, for each Ye &, we define the partial difference operator
dy: B(M) - B(M) by

Oyp=<9>y—9¢ (0.1)
and use 0, when Y= {k}.

Potentials and Gibbs States. A potential is a family ¢ =
{Jx:Xe &} where, for each Xe§, Jye Cy(M). Throughout, we will be
assuming that our potentials are shift invariant in the sense that J, , , =
Jyo 0%, for all Xe & and k € Z¢. Further, we assume that ¢ has finite range
ReZ™: that is, for each Xe§, J,=0if 0e XZ [ —R, R]“. Given ¢, we
define the corresponding local specification € = €(_¢) to be the collection of
Markov operators

[E01E)=| o(y) EX(dylE)
M

1
~Z &) JM @(yx *Eyc) expl — UX(yx *Evc)] Mdy)
xc
where A = 1%,
UXE Z ‘]As
Ay
AnX#*

Zulbxc) =] expl —U¥(yx *Exc)] Mdy)

Finally, we say that u € 9t,(M) is a Gibbs state for €( ¢) and write u € G(_¢)
if
(E¥@,u> ={p,u> forall XeFandgeCy(M)
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Glauber Dynamics. Given a potential #, we will say that the
{P,:t>0} is a Glauber dynamics for ¢ if {P,:t>0} is a Markov semi-
group on C(M) with the property that

(P,§0, l//)Lz(;z) = (P/l//’ (P)Lz(u) fOI‘ a“ (Pa ‘l/ € C(M) (02)

There are various ways in which Glauber dynamics can be constructed.
However, the type of conclusions reached in this article do not depend
heavily on the particular choice. In fact, standard comparison arguments
allow one to transfer these results proved for one choice of dynamics to
other choices. Thus, we will restrict our attention to the dynamics which is
determined by the operator % on C,(M) given by

Lo= 3 (E:g—g) (0.3)

kez¢

That is, & determines {P,:t>0} in the sense that there is precisely one
Markov semigroup {P,: t>0} on C(M) with the property that

P,(p—(p:J'o Po%ods, te(0,0)and geCo(M)

The Dirichlet Form. A key role in our analysis will be played by
the Dirichlet form associated with our Glauber dynamics. Actually, one
cannot describe a Dirichlet form for a Glauber dynamics without also
specifying a Gibbs state. For this reason, we begin by defining the local
Dirichlet form of our Glauber dynamics and will then get the actual
Dirichlet form corresponding to a particular Gibbs state by integration
with respect to that Gibbs state. Thus, set

DoY) =4 T | (o(n) = o)W —w(E) EM(dnE)

kez

EeM and @, Y € Cy(M) (0.4)

It is then an easy matter to check that, for e G( #), the Dirichlet form &,
associated with {P,:1>0} on L*(u) satisfies

6o, ¥)=— (9, LY), =0, ¥)), (0.5)

Remark. Everything that we do here could be done equally well in
the setting of a continuous spin space when the Glauber dynamics is taken
to be a diffusion. In fact, for technical reasons, the continuous setting is a
little easier even though the underlying ideas are basically identical.
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The purpose of this article is to clarify the connections between a
potential ¢, the class of Gibbs states G(¢), and Glauber dynamics
associated with #.

1. LOCAL SOBOLEV INEQUALITIES AND
UNIFORM ERGODICITY

Given ue®(#) and B={f,:ke Z%} [0, o), we say that u satisfies
a local logarithmic Sobolev inequality with coefficients B if

P <! Y B IEMe—0l2,,  peCyM) (LI)

“ " 2u kezd

JM @* log

The terminology local is used to distinguish such an inequality from the
situation when the set B is bounded, in which case one says that u satisfies
a logarithmic Sobolev inequality.

The purpose of this section is to see what can be said about the
ergodic properties of associated Glauber dynamics when a local loga-
rithmic Sobolev inequality holds and the coefficients have moderate growth
(cf. Corollary 1.5 below).?

There are two ingredients in our program. The first of these is a
general fact about Glauber dynamics corresponding to finite-range poten-
tials and is a quantitative statement of the fact that, with very high
probability, disturbances propagate at a finite rate in such dynamics. The
second is an extension of the Gross’s integration lemma.

Lemma 2.1. Let ReN denote the range of interaction and set
A,={keZ": |k|<nR} for neN

Then, there exists 4€(0, o), depending only on R, d, and card(M)+
U, such that, for each me N,

Y oo Pol,<e 4 Y lowel,, @eC, (M) (12)

k| = (m+nm)R {ki <mR
where
n—1 . m n
5 se
efs)=e'— ) —<e|— (1.3)
oo m! n

% Local logarithmic Sobolev inequalities have been considered previously in refs. 17 and 8.
However, the goal in these articles was somewhat different from the one here.



1012 Stroock and Zegarlinski

In particular, 4 can be chosen so that, in addition, for each ge[2, c0):

A(m"+n")] <

den(Al) ||ak¢u“+||P,cpn,,.,,> (14)

ke Ay

IIP,coII..Sexp[

Proof. The inequality in (1.2) is proved in Lemma 1.8 of ref. 15. To
prove (1.4), for each ne Z*, define

PL9=Y (E™Mg—g) for ¢eC(M)
ked,_

It is then an elementary matter to show that £’ determines a Markov
semigroup {P{":t>0} on C(M) which leaves C,(M) invariant.
Moreover, using (1.2) and the reasoning in Lemma 1.8 of ref. 15, one can
show that, with the same choice of 4€(0, o) and all meN and neZ™,

1P, —P" "ol ,<e dr) 3 loyel,, @eC, (M) (15)

ke Ay

In order to pass from (1.5) to (1.4), we need to know that there exists
a Be (0, co) (with the required dependence) such that, for all neZ* and
peC,y,_ (M)

loll, <exp(Bn?) ol (1.6)
Indeed, when M is finite, one has that
lell, < (card(M))“! exp[osc(U”) ]l 1.,

for any A€ & and g e C,(M).*
Given (1.5) and (1.6), one has, for any ge {2, ),

IPoll,<e(Adt) 3. l0xell,+ 1P "ol

keA,
B(m+n)ll m n
<en(‘At) Z Ilak¢|lu+exp|:— "P5 * )(p"q.y
ke Ay q
B(m +n)*
<exp| W (26,(4) T 104l + 1Pl
ke A,

where, in the passage to the second line, we have used (1.6) and elementary
interpolation. Hence, (1.4) follows after one makes a minor adjustment. ||

4 This is the one place in which the continuous-spin setting is slightly more difficult. Namely,
in that setting, (1.6) has to be replaced by an estimate in which the semigroup has been
allowed to act for a little while. See Lemma 2.3 in ref. 15 for more details.
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In order to demonstrate how we plan to use the contents of
Lemma 1.1, we begin by considering the case when u satisfies a logarithmic
Sobolev inequality. That is, suppose that [cf. (0.5)]

2
[ o108t <pal0,0)  @eCM) (L7)
M lells.,
for some Be(0, c0). By Gross’ integration lemma (cf. Theorem 6.1.4 in
ref. 2), (1.7) implies that P, maps L*(u) contractively into L%”(u), where
q(t)=1+exp[2¢/f] and (cf. Corollary 6.1.17, ref.2) that one has the
spectral gap estimate

m(u) =inf{6,(9, @) : |@l,,=1and (@}, =0>>2/p (1.8)

Note that, by elementary spectral theory, (1.8) is equivalent to

||PI(P_<¢>,U ”2,;4 <e—m(u)!” @ — <(p>y ”2,;4 (19)

for all 1€ (0, o) and ¢ e L*(u). In order to replace these with statements
about uniform convergence, let 8 (0, 1) be given and taken n=[*] +1
and g=1+¢*1=9"F in (1.4), and conclude that

A(m + 1) ] (

||P,(P||..<CXP[1+-T1_”,,,E 2exp(At—rlog A1) Y. |0, ¢l,

ke Ay
1Pl

Thus, after replacing ¢ by ¢ — (@), and using (1.9), we arrive at the
conclusion that, for each me N, there exists a #(8, m)e[ 1, c0) such that

IP.o—< o>, lu<6exp[ —Om(u)t] Y, 10, el,, @eC, (M)

ke Ay

(1.10)

whenever ¢ 10, m). In particular, together with (1.8), this tells us the
following.

Theorem 1.2. If ue G(¢) satisfies a logarithmic Sobolev inequality,
then ®(#)={x} and the associated Glauber dynamics acting on a local
function ¢ converges uniformly to (¢}, with exponential rate m(u) > 0.

In the remainder of this section we will show that uniform convergence
of Glauber dynamics can sometimes be proved on the basis of a local
logarithmic Sobolev inequality. However, in order to do so, we will require
the following variant of Gross’ integration lemma.

822/81/5-6-10
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Lemma 1.3. Assume that (1.1) holds, and let 0 < T <t be given.
Next, suppose that ¢: [T, t] — [2, o) 1s a differentiable, increasing func-
tion, and define

A(s)={keZ’: 4(s) B, = 4(q(s)— 1)} for se[T,¢]
Then

”Pl(p"{:;(ns "PT(PHE(T)

+ o) T BlowPolinds  @eCyM) (LI

ke Als)

Proof. Let ¢ be a uniformly positive element of Cy(M), and set
¢@,=P.p. Then [cf. Theorem 6.1.14 in ref. 2 and (0.4)]

d
% ”(P\ ” gls)

’ @ q(s)
< q(s) _3 ”(P.v I ;1:)?/(1” {q(s) J (pg(x) log <—") dlt

" (pJ‘ " g{shu
—ale) = 1) 601 07|
< hg it T A IEg — grny
zq(s)_ gis)p ke B Ky K 24

At the same time, for any g€[2, o0} and positive ¢ € C(M)

Il [E ikt (pr//2 — (pq/l I gvﬂ

= [[ (e(x)2 = p(x)7)? B (dy | %) s(dx)

-]

(@(y)?? — @(x)"*)> E¥(dy]| X)};t(dX)

Ply) < eix)
<L oy {J (9(y) — p(x))? [Em(dYIX)},U(dX)
ely) <o(x)
q —2 2 Eiki " e
<5||<p||z.,,-(f {f (9(y) = @(x))* E (dy|x)} ;z(dx))
ely) <e(x)

7 > " 2
<z iz {[[ 1) = ol € ayl ) i) |

<2172 g2 10y el ,

q.u
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Hence, after plugging this into the preceding and integrating, we arrive
at (L.11). 1

Theorem 1.4. Let Ae(0, o) be chosen so that (1.2) and (1.4)
hold, and assume that (1.1) holds with some B satisfying

k
sup {ﬂkexp<—%>:kel”}<oo

Next, let p: [0, o0) — (0, c0) be a continuous, nonincreasing function which
tends to 0 at oo and satisfies

sup p(|k|) B, <4 forsome neN

Ik = n
Finally, choose x > ko,=(e’RA4) v 1, and set
To=min{s >0:p(xs) B, <4 for all |k| <n}
Then there exists an Me[l, ) such that, for any meN, T>T, =

T, v mRf(k — k), and t > T

M(m“+ %) _
1Pl <exp <—q—)[ 1Prols,+ M= 3 ||ak<on.,]
. ke Ay

forall ¢eC, (M) (1.12)

where

g=1+exp {J’ plkt) a’r}
T

Proof. Choose n to be the smallest integer which dominates e’A!.
Then, by (1.4), we find that

IPgl,<e ™™ 3 |0,0l,+exp

ke,

Am+1+e*41)¢
<———_> ”PI(p”(].[l (113)

At the same time, by (1.11) with ¢(s) =1 +exp{[% p(x7) dt},
”P/(P_“q,;z<||PT(P||2,;4+{I (I(S) Z ﬂk ”akPA(P”ids}

T ke As)

But, for s=T,,, ke A(s) = |k| = mR + k,s, and so, by (1.2),

Y BulowPplli<e™"( sup ﬂ:ll@ﬂ(ﬂll..)( ) Ilakfpll..>

ke A(s) 1l 2 mR + wos ke Am
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Finally, after another application of (1.2), one finds that, for all
IZmR +Kys,

U

m
0,P, < -
” I .\(p”u Xp <2 ZR)

Hence, after combining this with (1.13), it is an easy matter to find an M
for which (1.12) holds. ||

Corollary 1.5. Let everything be as in the statement of Theorem
1.4, and assume that, for some x > kg,

fim {j'p(r)dr—dxlog z}= - (1.14)
{— 00 1

Then ®(#)={u}, and

lim |P,¢o—<¢>, 1.,=0 forall ¢eC(M)

In fact, if ¢,€[T,, ©) is determined by [% p(xt)dr=dlogt, and
[to, c0)— T (t)e[]1, c0) i1s defined by

f plxz) de=dlog t (1.15)
Ti(1)
then, for me N and te[¢,,, ©0),

||P,¢—<<o>,,uu<1<<r,m)(||PTN(,,¢—<¢>,,||2,,,+Me-*“ 5 nak«)nu)

ke A

for e C, (M),

Am

d
where K(z,m)zexp[M(H’%)] (1.16)

Proof. Given meN, choose T,, as in Theorem 1.4, let T> T,,, and
take

q(t)=1+exp[f’p(x)dr}, t>T
T

and observe that, from (1.14) combined with (1.12), one gets first (1.16)
and then

'@ 1Pola<IProls,,  @eCy(M) (1.17)



On the Ergodic Properties of Glauber Dynamics 1017

Hence, if E4 denotes the orthogonal projection onto the subspace of L*(u)
which is invariant under extension to L*(u) of the semigroup {P,:t>0},
then, after letting T ~ oo and noting that P,¢ tends to E4¢ in L*(u), we
obtain

m P ol <IE@lo, 9 ColM)

as an easy application of the Spectral Theorem for self-adjoint semigroups
of contractions. But this means that, for any pair of ¢ and y from Cy(M),

(quo, W)Ll(;x) s "Eﬁ(P“ 2.1 ”l//“ 1.4
from which it is an easy step first to
”El(;(P“ (N7} < "E{;(pHZ‘;t

and then to the conclusion that Ef¢={¢), for all p e L*(u). In par-
ticular, we now know that, for each ¢ e Co(M), P,¢ » (@), in L(u),
which, by (1.15) leads to asserted uniform convergence first for ¢ € Co(M)
and thence for all pe C(M). |

Corollary 1.6. Again let everything be as in Theorem 1.4, with a
choice of 4 e (m(u), o) [cf. (1.8)]. If

lim tp(t);lk—_de forsome 8e(0,1)

then, for each ¢ € Co(M), there exists a T(¢) €(0, o0) such that
1P, —<@>, a2 Pop~<pdullo,  forall t=T(p)
and so, if m(u) >0, then

lim 1~%log [|P,¢ —< @), ], < —m(n)

=

Moreover, if
—
lim Toet =K forsome ¢e¢>0

and « = exp(—2d/e), then, for each ¢ € Co(M), there exists a T{¢) € (0, )
such that

1P —<@>ula <2 1Py —<{@Dull5,  forall 1=T(e)
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and so, if m(x) >0, then

lim 17" log |P,¢ — (@), |l < —am(u)

t— o

Remark 1.7. In connection with the results in Corollary 1.6, it
should be kept in mind that, at least for attractive systems, Holley'® has
shown that

lim #|P,p—<{¢>,l,=0 forsome B>d andallpeCy(M)
11— o0

already implies that uniform convergence is taking place at an exponential
rate.

2. SUMMARY

In this paper we have demonstrated that if any Gibbs measure satisfies
a logarithmic Sobolev inequality, then that Gibbs state is the only one and,
for local functions, the corresponding (Glauber) stochastic dynamics
converges to it in the uniform norm at an exponentially rapid rate. This
provides a uniqueness and ergodicity criterion which is based directly on
the infinite-volume considerations, one which is therefore a priori free of
anything having to do with finite-volume systems and their boundary con-
ditions. (For some recent results involving finite-volume considerations, see
refs. 14-16 and 8-13). Besides its esthetic value, this criterion may prove
useful when it comes to understanding situations where the Dobrushin—
Shlosman'*® complete analyticity fails, but one still has some kind of good
behavior on the large scale.

Second, we have shown that a bona fide logarithmic Sobolev
inequality can be replaced by a local version in which the coefficients have
moderate growth (as a function of the distance from the origin). This
observation generalizes a result in ref. 7, where sublinear growth of a finite-
volume logarithmic Sobolev coeflicient was considered. With the results
proved here, one sees that linear growth is permissible as long as the slope
is sufficiently small. In addition, these considerations provide an elegant
framework for the description of the stochastic dynamics associated with
spin systems having random interactions (cf. ref. 18, for example). Finally,
we believe that they may also apply to other nonferromagnetic spin
systems in which the strong analyticity conditions fail (e.g., the system
discussed in ref. 3). For closely related results, see ref. 1; and to see how
much better one can do in the ferromagnetic situation, see Partl of
ref. 10.
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